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ABSTRACT 
An example of a quasi-uniform space which is complete 
but not strongly complete is constructed. We also give an 
example to show that a T1 space does not necessarily have 
a T1 strong completion. 
The definition of Cauchy filter is discussed. An 
ii 
alternate definition, referred to as C-filter, is considered. 
A construction of a C-completion is given and it is shown 
that if a quasi-pseudometric is complete, then the corre-
spending quasi-uniform structure is C-complete. 
Conjugate quasi-uniform spaces are discussed. A theorem 
relating a transitive base of a quasi-uniform structure to a 
transitive base of the conjugate structure is proved. The 
generation of the fine quasi-uniform structure is discussed. 
A general method for constructing compatible quasi-
uniform structures is obtained. It is shown that the method 
can be applied to obtain a compatible non-transitive quasi-
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In Chapter IV, we construct an example of a T1 space 
which does not have a T1 completion. We also construct an 
example of a quasi-uniform space which is complete, but not 
strongly complete. The definition of Cauchy filter is dis-
cussed. An alternative definition, called C-filter, is 
examined and a construction of a C-completion is given. An 
example is given which indicates that the definitions of 
C-filter and C-complete may be some improvement over the 
definitions for Cauchy filter and complete. Moreover, a 
version of the Niemytzki-Tychonoff theorem for C-completeness 
is obtained. We prove a theorem which shows that if a quasi-
pseudometric space is complete, then the corresponding quasi-
uniform structure is C-complete. We also prove a theorem 
showing that under suitable conditions the fine transitive 
structure for an infinite T1 space is strongly complete. 
In Chapter V we discuss conjugate quasi-uniform struc-
tures. A theorem concerning the relationship between con-
jugate transitive bases of conjugate transitive quasi-uniform 
spaces is proved. We also consider the generation of the fine 
quasi-uniform structure. Finally, we obtain a general method 
for constructing compatible quasi-uniform structures. We 
show that the method may be applied to obtain any compatible 
transitive quasi-uniform structure and, in an example, we 
show that it may also be applied to obtain a compatible non-
transitive quasi-uniform structure. 
The topological concepts used in this thesis are defined 
2 
in Gaal (1). The basic definitions relating to quasi-uniform 
spaces are given in Murdeshwar and Naimpally (2), except 
that we use the definition of U o V found in Gaal (1). 
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II. REVIEW OF THE LITERATURE 
~ ~ 
In 1960, Csaszar (3) introduced the concept of a quasi-
uniformity on a nonvoid set x. Csaszar (3) also showed that 
every topological space is quasi-uniformizable; and, in 1962, 
Pervin (4) simplified Cs~sz~r's proof by showing that the 
collection {S(O): 0 E t}, where S(O) = 0 x OV(X-0) x X, forms 
a subbase for a compatible quasi-uniform structure. Recent-
ly, Fletcher (5) showed that any transitive quasi-uniform 
structure has a construction which is topological in nature. 
In 1960, Csaszar (3) gave a definition for Cauchy filter on 
a quasi-uniform space which was an e xtension of the uniform 
space definition. It was shown by Isbell (6) that there ex-
isted conve~gent filters which were not Cauchy in the sense 
of Csaszar's definition. In 1965, Sieber and Pervin (7) gave 
the currently accepted definition of Cauchy filter. 
Sieber and Pervin (7) defined a space to be complete if 
every Cauchy filter converges; Murdeshwar and Naimpally (2) 
later defined a quasi-uniform space to be C?mplete if every 
Cauchy filter has nonempty adherence. Following Carlson and 
Hicks (8), we shall refer to the former as strongly complete 
and the latter as complete. 
In 1967, Stoltenberg (9) proved that every quasi-uniform 
space has a strong completion, but he did not show which 
separation properties generally carry over to the strong com-
pletion. In 1971, Carlson and Hicks (8) showed that a 
Hausdorff quasi-uniform structure does not necessarily have 
a Hausdorff completion. 
Fletcher and Lindgren (10) introduced the notion of 
orthocompactness and showed that every orthocompact space 




In this chapter, we set forth some known definitions 
and facts about quasi-uniform spaces which will be of use 
in the following chapters. 
DEFINITION 1. Let X be a set. A filter F on X is a 
nonvoid family of subsets of X satisfying: 
(1) ~ I. F; 
( 2 ) if G E F and F :J G then F E F ; 
(3) if F,G E F, then F n G E F. 
5 
DEFINITION 2. Let X be a nonvoid set. A quasi-uniform 
structure, U, on X is a filter on X x X satisfying: 
(1) !::. = { (x, x) : x E X} c U for each U E U; 
(2) if U E U, then there is a V E U such that V o V cu. 
DEFINITION 3. Let U be a quasi-uniform structure on a 
set X. We obtain a topology tu on X by taking as a base for 
the neighborhood system at x EX, the collection Nu(x) = 
{U[x] : U E U}. He say that U generates t. If tis a topol-
ogy on X and tu = t, then t is said to be compatible with U. 
DEFINITION 4. Let (X,U) be a quasi-uniform space and 
let F be a filter on X. Suppose that for each U E U there 
is an x E X such that U[x] E F. Then we say that F is 
u-cauchy. 
DEFINITION 5. A quasi-uniform space (X,U) is complete 
if every U-Cauchy filter has nonempty adherence. 
DEFINITION 6. A quasi-uniform space (X,U) is strongly 
complete if every U-cauchy filter has nonempty limit. 
DEFINITION 7. Let (X,U) and (Y,V) be quasi-uniform 
spaces and suppose f is a map from X to Y. The map (f,f) 
from X x X toY x Y is defined by (f,f) (a,b) = (f(a) ,f(b)), 
where (a,b) s X x X. f is said to be quasi-uniformly con-
tinuous provided that (f,f)-1 (V) s U for each V s V. 
DEFINITION 8. The quasi-uniform spaces (X,U) and (Y,V) 
are said to be quasi-uniformly isomorphic if there is a one-
-1 to-one map f of X onto Y such that f and f are quasi-
uniformly continuous. 
DEFINITION 9. (Y,V) is a completion of (X,U) if (Y,V) 
is complete and (X,U) is quasi-uniformly isomorphic to a 
6 
dense subset of (Y,V). Strong completion is defined similarly. 
DEFINITION 10. Suppose that (X,t) is a topological 
space. For each 0 s t, define S(O) = 0 x 0 U (X-0) x X. 
Pervin ( 4) showed that {S(O) : 0 s t} is a subbase for a 
quasi-uniform structure which is compatible with t. We shall 
denote this structure by P and refer to it as the Pervin 
structure. 
DEFINITION 11. A quasi-uniform structure on a set X 
is said to be transitive if there is a base B for the struc-
ture such that B s B implies that B o B = B. 
DEFINITION 12. Suppose (X,t) is a topological space. 
If x s 0 s t, a cover of X about (x,O) is an open cover A of 
X such that there is an A s A with x s A 0. Let B be an 
open cover of X such that for every X £ X, n {B £ B: X £ B} 
is open. Then we call B a Q-cover of X. 
DEFINITION 13. Suppose that (X,t) is a topological 
space and let C be a collection of Q-covers of X satisfying 
the following condition: for each 0 s t and each x s 0, C 
7 
contains a cover of X about (x,O). Define UC = {UA : A s C} 
where UA = U{{x} x OA: x s X} and OA = f\ {A : x sA sA}. 
X X I ' X X 
Fletcher (5) proves that UC is a compatible transitive 
quasi-uniform structure called a covering quasi-uniformity. 
He also proves that a quasi-uniform structure is transitive 
if and only if it is a covering quasi-uniformity. 
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IV. COMPLETENESS AND STRONG COMPLETENESS 
FOR QUASI-UNIFORM STRUCTURES 
A. SOME EXNJIPLES CONCERNING COHPLETE AND STRONGLY COMPLETE 
STRUCTURES. 
In the construction of a completion or strong completion 
of a quasi-uniform space, one would like for separation prop-
erties of the original space to carry over to the completion 
qr strong completion. Carlson and Hicks (8) give an example 
of a T2 quasi-uniform space which does not have a T2 comple-
tion and, therefore, does not have a T2 strong completion. 
They also give an example of a discrete space which does not 
have a T1 strong completion. As we show below, this same 
space is also an example of a discrete space which does not 
have a T1 completion. 
EXAHPLE 1. 
x = y or x ::, n}. 
Let N = {1,2,3, ..• }. 
The collection {U 
n 
Define U = { (x,y: 
n 
n E N} is a base for 
a quasi-uniform structure U. Moreover, the topology t gen-
erated by U is discrete. Let F be the collection of all 
subsets of N which have finite complements. F is clearly 
a filter. Moreover, F is U-Cauchy since for F = 
n 
{n,n+l, .•. }, we have F E F and F x F C U . Now suppose 
n n n n 
(N*,U*) is a rrl completion for (N,U); that is N = N*, u = 
{u* n (N x N) U* E U*}, every U*-Cauchy filter has non-
empty adherence, and the topology t* generated by U* is T1 . 
Now F generates a U*-Cauchy filter F* on N*. Since (N*,U*) 
is complete, there is an x* E N* such that x* E adh F*. We 
9 
first show that x* i N. If x* s N, there is an open set 
0* E t* such that 0* n N = { x*} (since the subspace topology 
is discrete). Now N- {x*} s FC F*. By the above, 
0* n (N- {x*}) = ~ and, thus, x* iN- {x*}, a contradiction. 
Next, let B* be an open set containing x*. There is a U* s U* 
such that x* s U*[x*] c. B*. Let W* s U* with W* oW* c U*. 
We claim that W* [x*] n N is infinite. Suppose A = W* [x*] n N 
is finite. Then N - A s F C F*. And, W* [x*] n (N - A) = ~ 
which implies that x* i N - A. From this it follows that 
x* i adh F*, a contradiction. Thus, we see that if k s N, 
there is an s > k such that s s W* [x*] (\ N. Now there is an 
m E: N with u c. W* n (N X N). By the above there is an s > m 
m 
such that s s W* [x*] () N. Therefore, (x*, s) s W* and 
{s} x NCW* and, hence, {x*} x NC.W* o W*c U*. It follows 
that N c U*[x*] C: B*; that is, every open set containing x* 
contains N. But, then (N*,t*) could not be T1 . 
One question which naturally arises is does there exist 
a quasi-uniform space \vhich is complete, but not strongly 
complete. As the following example shows, the answer is 
affirmative. 
EXAMPLE 2. Let X be the integers. For n E X, define 
u = 6 U { (x,y) : x ~ n, y = 0 or 1}. Now {U 
n n 
n E X} is 
a base for a quasi-uniform structure U on X x X and the 
topology t generated by U is discrete. Suppose that F is a 
Cauchy filter. Now if n E X, U [x] = {O,l,x} if x > n and 
n 
U [x] = {x} if x < n. It easily follows that F must be 
n 
generated by a finite set and that adh F ~ ~· Let S be the 
collection of all supersets of {0,1}. Now lim S = ~ and, in 
fact, S is the only non-convergent U-Cauchy filter. Thus 
(X,U) is complete, but not strongly complete. 
B. ON THE DEFINITION OF CAUCHY FILTER. 
10 
As originally de f ined by Csaszar (3), the concept of 
Cauchy filter for a quasi-uniform space was an extension of 
the concept of Cauchy filter for a uniform space. However, 
the main disadvantage in this definition was that convergent 
filters were not necessarily Cauchy. The present definition, 
proposed by Sieber and Pervin . (7), is also an extension of 
the concept of Cauchy filter for a uniform space and, more-
over, convergent filters are clearly Cauchy. We would like 
to have a definition of Cauchy filter which would allow us 
to construct completions which preserve more of the separa-
tion properties than is possible with the present definition. 
DEFINITION 14. Let (X,U) be a quasi-uniform space and 
let F be a filter on x. We say that F is a C-filter with 
respect to U if F satisfies either of the following two con-
ditions: 
(i) given U E U, there is an Fin F such that F x F C U; 
(ii) lim F ~ ¢. 
The concepts of C-complete, C-strong complete, C-comple-
tion, and C-strong completion are defined in the obvious 
manner. 
It is clear that in the uniform space case the concepts 
of Cauchy filter and C-filter are precisely the same. One 
may easily show that if F is a filter satisfying condition 
(i) of the definition of C-filter, then adh F = lim F; and 
ll 
thus, if F is a C-filter such that adh F ~ ¢, then lim F I¢. 
We see, therefore, that the concepts of C-complete and C-strong 
complete coincide. Although the concepts of complete and 
strongly complete do coincide for uniform spaces, we have 
shown in example 2 that they are not the same for quasi-
uniform spaces. 
Using the current definition of Cauchy filter, Sieber 
and Pervin (7) obtain a generalization of the Niemytzki-
Tychonoff theorem. If we use the definition of C-filter and 
replace the concept of precompactness by that of total bounded-
ness, we may similarly derive the following generalization: 
THEOREM 1. A topological space (X, t) is compa.c .t if and 
only, if it is C-complete with respect to every compatible 
quasi-uniformity. 
Before proving theorem 1, we establish 4 lemmas. 
LEMMA 1. If (X,U) is totally bounded, every ultrafilter 
is a C-filter. 
PROOF. Let F be an ultrafilter on X and let U £ U. 
Since (X,U) is totally bounded, there exist finitely many 
sets B1 , ... ,Bk in X such that B. x B. C U for 1 < i < k and 1 1 -
U{B. 
1 
: 1 < i < k} = x. 
- -
Since F is an ultrafilter, B. £ F 
J 
for some 1 2 j < k and the lemma is proved. 
LEMHA 2. If (X,U) is a compact quasi-uniform space, 
every C-filter converges. 
PROOF. Suppose F is a non-convergent C-filter. If 
x £ X, x is not a limit point of F and; therefore, there is 
a ux £ U such that Ux[x] i F. For each x £ X, let V £ U X 
12 
be such that Vx o V c U • Now {V [x ] : x E X} is a neigh-
x X X 
borhood covering of X. Hence, there exist finitely many 
points x 1 , ... ,xk such that X= n {V [x . ] : 1 < i < k } . Let x. 1 - -
1 
v = n {v = 1 < i < k} . 
x. - -
Since F is a non-convergent C-filter, 
1 
there exists a set F E F such that F x F c v. Fix some p E F. 
Then p E V [x ] for some 1 < n < k. Next let a be an arbi-
x n 
n 
t~ary element of F. Since F x F c V c V , (x ,a) E 
x n 
n 
V o V c U • Therefore F C Ux [xn] which implies that X X X 
n n n n 
U [x ] E F, a contradiction. 
x n 
n 
LEMMA 3. Suppose that (X,U) is C-complete and totally 
bounded. Then (X,U) is compact. 
PROOF. Let F be any ultrafilter in (X,U). By lemma 1, 
F is a C-filter. Since (X,U) is C-complete, F converges. 
Hence F has an adherence point and we see that (X,U) must be 
compact. 
LEHMA 4. Every quasi-uniform space is generated by some 
totally bounded quasi-uniform structure. 
PROOF. The Pervin structure is totally bounded. 
PROOF OF THEOREM 1. Suppose that (X,t) is compact. By 
lemma 2, if U is a compatible quasi-uniform structure, then 
(X,U) is C-complete. Hext suppose (X,t) is C-complete with 
respect to every compatible quasi-uniform structure. Then, 
by lemmas 3 and 4, (X,t) is compact. 
We remark that every finite space is C-complete. This 
follows from the fact that every finite space has a unique 
compatible quasi-uniform structure generated by a single 
set, as shown by Fletcher {11). 
One may show that a C-filter is Cauchy in the usual 
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sense. It then follows that if (X,U) is complete, then (X,U) 
is also C-complete. (An example of Murdeshwar and Naimpally 
(2) shows that the converse is not true.) Hence, any com-
pletion or strong completion \vould also be a C-completion. 
One might, therefore, hope to be able to obtain better results 
with C-completions. The following example shows that a T2 , 
locally connected space may have a T2 , locally connected 
C-completion, but not have a T2 , locally connected strong 
completion. 
EXAMPLE 3. Let X = { 1, 2, 3, ••• } • Define U = fl U 
n 
{ ( x, y) : x > n and y > x} . Now {U : n £ X} is a base for 
n 
a quasi-uniform structure U on X and (X,tu) is discrete. 
Suppose that F is a C-filter. If lim F = ~' then there is 
an F £ F such that F x F C U . In this case, F must be the 
n 
collection of all supersets of a singleton set {x}. But, 
this means lim F F ~- Therefore, (X,U) is easily seen to 
be C-complete (and thus a C-completion) . Let G be the fil-
ter generated by the collection {G 
n 
n £ X} and G = 
n 
{n,n+l, ... }. Then G is U-Cauchy, but it does not converge. 
Therefore, (X,U) is not strongly complete. Now let (X*,U*) 
be a T2 , locally connected strong completion for (X,U). Now 
G generates a U*-Cauchy filter G*. Since (X*,U*) is strongly 
complete, there is an x* £ X* such that x* £ lim G*. There-
fore, if U* £ U*, U*[x*] ~ {n,n+l, ... } for some n £X. We 
first shovl x* I. x. Suppose that x* = n £ x. There is a U* 
in U* such that U* n (X X X) = un+l. Therefore, U*[n] n X = 
{n}. Since X £ G c G*, we ob·tain the contradiction {n} £ G*. 
Thus, x* £ X* - x. Next we show {x*} = X* - x. Let 
y* s X* - X with y* ~ x*. Since (X*,U*) is T2 , there is a 
V* E U* such that V*[x*] n V*[y*] = ¢. Since there is a k 
in X such that V* [x] ::> {k ,k+l, ... }, then V* [y*] (\ X C 
{l, •.• ,k-1}. Let m s X. Since X is discrete, there is a 
W1 * s U* such that W1 *[n] n X= {n}. Since (X*,U*) is T~, 
" 
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there is a w2* s U* such that w2*[n] () w2*[y*] = ¢. Letting 
~'V* = w1 * n w2 *, we have that W* [y*] (\ X = ¢. This implies 
that X~ X*, a contradiction. Therefore X* =XU {x*} where 
x* i X. Now it is easily seen that a neighborhood basis _at 
x* is {0 : n s X} where 0 = {x*} U {n,n+l, ... } and a neigh-
n n 
borhood basis at n s X is {n}. Thus, (X*,U*) is not locally 
connected. 
The above example illustrates that the definition of 
C-filter may be a small improvement over that of Cauchy fil-
ter. Unfortunately, as we see by the following example, one 
may use the space of example 1 and techniques similar to the 
ones used there to show that not every T1 space has a T1 
C-completion. 
EXAMPLE 4. Let N, U, and F be as in example 1. We have 
actually shown in example 1 that F is a C-filter with respect 
to (X,U). Now suppose (N*,U*) is a T1 C-completion for (N,U); 
that is, N = N*, U = {U*rl N x N : U* s U*}, every filter 
which is a C-filter with respect to (N*,U*) has nonempty ad-
herence, and the topology t* generated by U* is T1 . Next, 
we note that F generates a filter F* on N* which is a C-filter 
with respect to the quasi-uniform structure U*. Since (N*,U*) 
is c-complete, there is an x* s N* such that x* £ adh F*. 
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The remainder of the example now follows word for word as 
example 1, beginning with the sentence, "We first show that 
x* I N." 
C. CONSTRUCTION OF A C-COMPLETION. 
Carlson and Hicks (8) give a construction of a strong 
completion for a quasi-uniform space which possesses a 
transitive base. The following construction of a C-completion 
was motivated by their work, except that we do not require a 
transitive base. 
Let (X,U) be a quasi-uniform space (not necessarily 
transitive). Let n be the collection of all nonconvergent 
ultrafilters on X which satisfy condition (i) in the defini-
tion of C-filter. Define an equivalence relation on n as 
follo'\vs: 
If M1 ,M 2 s n, then M1 ~ M2 if and only if (i) for each 
U s U and F s M2 with F x F C u, then F s M1 ; and, (ii) for 
each U s U and F s M1 with F x F c U, then F s M2 . 
A A 
Let A= {M : M E n}, where M denotes the equivalence 
class of M under the relation~. Let X*= X UA. Let~* 
denote the diagonal in X* x X*. If V s U, define S(V) = 
A 
v U ~* U {(M,y) : y s V[x] for some x s X, where V[x] s M 
" for all M s M}. 
LEMMA 5. { S (U) U s U} is a subbase for a quasi-uniform 
structure U* on X* and u = U* n (X X X), where we understand 
U* n (X X X) to be {U* n X X X U* E U*}. 
PROOF. Let v s U and U s U such that u o U c V. tve 
wish to show that S(U) o S(U) C S(V). Suppose that 
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(x* ,y*) s S (U) and (y*, z*) s S (U). If x* s X, then clearly 
" (x*,z*) s S(V). Suppose x* = M s A. Then y*,z* s X. Now 
" (M,y*) s S(U) implies that there is at s X such that y* s 
" 
U[t] s M for all M s M. Now (t,y*) s U and (y*,z*) s U im-
plies that (t,z*) sUo uc V which, in turn implies that 
,... 
z * s V [ t] . Since U [ t] s M for a 11 M E M and V [ t] ? U [ t] , 
" " 
then V[t] E M for all M E M. (x*,z*) = (M,z*) is, therefore, 
an element of S(V). 
LEMMA 6. (X*,U*) is C-complete. 
PROOF. Let F* be a C-filter with respect to U*. If 
adh F* ~ ~, we are through. Suppose that adh F* = ~ and let 
M* be an ultrafilter containing F*. Clearly M* does not con-
verge. We first show X s M*. Let S(V) E U*. Then there 
is an F in M* such that F x F C S (V). Clearly { H} I. M* for 
,... 
any H sA. Therefore F x F cv and, hence, F c X o r X E M*. 
Then M = · {n* n X : n* E M*} is a c-ultrafilter on X satisfy-
ing condition (i) of the definition. Either M converges or 
it does not. If M converges to x E X, then U[x ] E M for all 
U E U. This implies S(U) [x] E M* for all U E U, a contradic-
tion. Therefore M does not converge. We will show that M* 
,... ,... 
converges toME A. Suppose that S(V) E U*. Then S(V)[M] = 
,... ,... 
{M} U {y : y E V[x] where V[x] E M0 for all M0 in M} . By 
,... " 
definition of M, there is an F s M0 for all M0 E M such that 
" 
F x F c v. Let a E F. Then V[ a ] E M0 for all M0 E M. There-
" fore V[ a] c {M} U {y : y E V[x] where V[x ] E M0 for all M0 in 
" " " M}. Now V[a] E M since M s M; and thus, {M} U {y : y E V[x] 
" 
where V[x] E M0 for all M0 E M} E M. This implies that 
17 
A A 
S(V)[M] s M*, which in turn implies that M s lim M*, a con-
tradiction. 
LEMMA 7. X is dense in X*. 
A 
PROOF . . Let M s A and U* E: U*. Then U* :J n { S (V.) 
l 
A 
1 < i < n}, where v. s u, 1 
l 
< i < n. Let Mo s M. Now, there 
- - - -
is an Hi s M0 such that Mi x Mi C Vi for each 1 < i < n. Let 
M = n {M. : 1 _< i _< n}. Then M X M c v. for all 1 < i < n 
J. J. - -
Therefore, if V = n {V. : 1 < i < n}, then 
J. 
A A 
M x M c v and M s M0 . By definition of M, M s M for all M s M. 
A 
Let x s M. Then x E V[x] E M for all M E M which implies that 
A 
(M ,x) s s<n{v. : 
J. 
1 < i < n}) C: n { S (V. ) : 1 < i < n}. 
l 
A 
x s U*[M] or X is dense in X*. 
THEOREM 2. (X*,U*) is a C-completion for (X, U) . 
PROOF. A consequence of lemmas 5, 6, and 7. 
THEOREM 3. Suppose that (x, tu) is a T1 topological 
and u is the Pervin structure. Then (x*,tu*> is Tl. 
Hence 
space 
PROOF. Suppose that x* and y* are elements of X*. If 
both x* and y* are members of either X or A, we see immediate-
ly that there are Open Sets 0 1 and 0 2 SUCh that X* E 01 n c0 2 
A 
and y* E 02 n cOl. Now suppose that x* E X and y* = M E A. 
A 
Let M s M. Since M does not converge to x*, there is an open 
set 0 such that x* E 0 and 0 t M. Let V = (0 x 0) lJ (X - 0) x X. 
Also, {x*} I M implies that X - {x*} E M. Let U = 
(X {x*}) x (X { x*}) U { x*} x X. Let W = U () V = 
(0- {x*}) x (0- {x*}) U {x*} x 0 U (X- O) x (X- {x*}). 
Now, W[z] = 0 - {x*} if z E 0 - {x*}, W[z] = 0 if z = x*, and 
W[z] = X - {x*} if z s X - 0. Therefore, x* s W[z] which 
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A 
implies that z = x* and W[z] = 0. But 0 i M. Hence (M,x*) i 
A A 
S(W) or x* i S(W)[M]. Clearly M i S(W)[x*]. 
DEFINITION 15. A quasi-uniform space (X,U) is R3 if 
and only if given x s X and U s U, there is a symmetric V s U 
such that V o V[x]C: U[x]. 
THEOREM 4. Let (X,U) be a T1 and R3 quasi-uniform space. 
Then (X*,U*) is T1 . 
"' "' PROOF. Suppose that M s A and x s X. Let M0 s M. 
There is a U s U such that U[x] i M0 • There is a symmetric 
"' V s U such that V o V[x] C U[x]. Clearly M i S (V) [x]. He 
A A 
wish to show x i S (V) [M] or .(M ,x) i S (V). Now S (V) [M] = 
"' {y : y s V[z] where V[z] s M for all M s M}. Let t s V[z]. 
Then (x,z) 8 V and (z,t) s V implies that (x,t) s V o V or 
t s V o V[x]CU[x]. Hence V[z] cu[x]. But this means 
"' U[x] s M for all M, a contradiction. The theorem now fol-
lows easily. 
D. COMPLETENESS WITH RESPECT TO QUASI-PSEUDOMETRICS OVER R~. 
Let 6 be a set and let p be a quasi-pseudometric over 
R6 • Let 6* be the collection of all finite subsets of ~. 
Define Uql, ... ,qn C R~ by Uql, ... ,qn = {f s R~: -s < f(q.) 
8 s l 
< s for 1 < i ~ n}. The collection A= {Uql, ... ,qn : 8 > 0, 
s 
{q1 , ... ,qn} s 6*} is a base for the neighborhood system 
N(O) in R~, where O(g) = 0 for all g s ~. If A is ordered 
by inverse inclusion (that is o1 ~ o2 if and only if o2 C o1 ), 
then A is easily seen to be a directed set. Let {x0 : 0 8 A} 
be a net in X. 
DEFINITION 16. We say that {x0 0 8 A} converges to 
y s X if and only if for any Us N(O), there exists Ou s A 
such that 0 > Ou implies p(x0 ,y) E u and p(y,x0) E u. 
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DEFINITION 17. {x0 0 E A} is a Cauchy net if and only 
if for any Us N(O), there exists an OU s A such that o1 ,o 2 > 
ou implies p (x0 ,x0 ) s u and p(x0 ,x0 ) s u. 1 2 2 1 
DEFINITION 18. (X,p) is complete if and only if every 
Cauchy net {x0 : 0 s A} converges. 
(X,p) quasi-pseudometrizes (X,U) if and only if 
{S(U) :Us A} is a base for U, where S(U) = {(x,y) s X x X: 
p(x,y) s U}. Antonovskii, Boltyanskii, and Sarymsakov (13) 
have shown that every uniform structure can be metrized over 
a suitable topological semifield R~. Hicks (14) has shown 
that every quasi-uniform space is quasi-pseudometrizable over 
a suitable topological semifield R~. 
THEOREH 5. Suppose that (X,p) quasi-pseudometrizes 
(X,U). Then (X,p) complete implies that (X,U) is C-complete. 
PROOF. Let F be a C-filter in (X,U). If F converges, 
we are done. Suppose that F does not converge. Let 0 = 
ql, ... ,q 
u n s A. By the definition of c-filter, there is an 
E 
FO s F such that F 0 x F 0 c s ( 0) • Let x 0 s F 0 • v·Je claim that 
{x0 : 0 s A} is a Cauchy net with respect to (X,p). Let ql, ... ,q 
u s N(6). Then there exists U n s A such that 
E 
q 1 I • • • I q q 1 I • • • I qn UE nc u. Letting 0 = UE/4 E A, we claim that 
ql I • • • I qn 
0, then p (x 0 , x 0 ) s u Cu . 1 2 E (To show 
ql , ... , q 
s u n 
E 
, we must show that p (x 0 ,x0 ) < s qi 1 2 
for 1 ~ i ~ n) • Since F is a filter, there is an s E p 01 n 
c S(O) and (s,x0 ) E F
02 x F 02 c S(02 ) c S(O). Now o = 2 
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ql, ... ,qn. . 
u E/ 4 1mpl1es that p (x0 ,x0 ) < p (x 0 , s) + p (s ,x0 ) qi 1 2 qi 1 qi 2 
< E/4 + E/4 < E. Since {x0 : 0 E A} is Cauchy and (X,p) is 
complete, {x0 : 0 E A} converges to some point a E A. We 
claim that NX (a) C. F. Now a base for the neighborhood sys-
tem NX(a) is given by the collection {Q(a,O) : 0 E A} where 
ql' ... ,q 
n(a,O) = {y EX : p (a,y) E 0}. Suppo s e that u n E A. 
E 
q 1' · · · 'qn We wish to ·show that n(a,u ) E F and hence that 
E 
NX(a) E F. By definition of convergence, there is 0 E A 
A ql, ... ,q 
such that 0 > 0 implies that p (a,x0 ) E UE/ 2 nand p(x 0 ,a) 
ql' · · · 'qn 
E UE/2 It is easily seen that we can choose 0 to be 
of the form 0 
ql, ... ,q ,q +l, ... ,q 
= u n n m where n < E/4. 
n 
Let 
ql, ... ,q ,q +l'q 
U = U n n m 
U ql, ... ,qn 
We claim that F c n(a,U ). 
n/2 · E 
u Let z E F . 
ql' ... 'q 
Then we wish to show that p (a,z) E u n. E I 
that is, p (a,z) < E for 1 < i < n. Now, p (a,z) < 
qi - - qi 
p (a,xu) + p (xu,z). Now (xu,z) E Fu x Fu c S(U) and hence 
qi qi 
p (xu,z) E u which in turn implies that p (xu,z) < n/2 < E/4 
qi 
for 1 < i < n. Since U > 0, by definition of convergence we 
obtain that p(a,Xu) E ql' · · · 'qn UE/ 2 and hence p (a,xu) qi 
for 1 < i < n. Thus p (a,z) < E/2 + E/4 < E. 
- - qi 
One of the more interesting questions concerning 
< E/2 
quasi-
uniform structures which remains unanswered is whether or 
not every topological space has a compatible strongly com-
plete quasi-uniform structure. Fletcher (11) showed that a 
finite space possesses a unique compatible quasi-uniformity 
generated by a single transitive subset of X x X. This 
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structure is easily seen to be strongly complete. For infin-
ite T1 spaces we obtain the following result: 
THEOREM 6. Let (X,t) be an infinite T1 topological 
space; let FT be the fine transitive quasi-uniform structure; 
and, let G = {AC X : X- A is finite}. If every non-
convergent filter containing G is not FT-Cauchy, then (X,FT) 
is strongly complete. 
PROOF. Let F be a non-convergent filter on X. If F 
contains G, , F is not FT-Cauchy. Suppose F does not contain 
G. Then there exists {x. E X 1 < i < n} such that 
~ -
X - {x. : 1 < i < n} i F. It follows that X - {x.} i F for ~ - - J 
some 1 < j < n (otherwise X - {x. : 1 < i < n} as the finite 
- - ~ - -
intersection of sets in F I would also be in F) . And since 
X is T1 , X- {xj} is open. Also, since lim F = ¢, there 
exists an open set 0 such that X. E 0 and 0 1- F. Suppose J 
that y E x. Let 0 = 0 - {X.} = 0 n (x - {X.}) if y E y J J 
0 - {X.} i 0 = X - {x.} if y E X - 0; and 0 = o. Let J y J x. J 
u (F) = { (x, Y) : y E 0 } • Clearly U(F) contains the diagonal. X 
Let (x,y) E U(F) and (y,z) E U(F). We wish to show that 
(x,z) E U(F), which implies that U(F) o U(F) = U(F). Now we 
have that y E 0 and z E 0 . If Ox = X -
X y 
either X- 0 or 0- {x.}. In either case 
J 
0 = 0- {x.}, then we must have 0 = 0-
X J y 








then 0 is y 
E u (F) . If 
and; therefore, 
or 0 - {X. } • 
J 
Again, in either case we will have (x,z) E U(F). Thus, the 
set U(F) generates a transitive quasi-uniform structure U(F) 
and the resulting topology will be weaker than t. It easily 
seen that the least upper bound V of {P} l) {U(F)} is a 
compatible transitive quasi-uniform structure and that F is 
not V-Cauchy. Thus F is not FT-Cauchy. 
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V. ~lORE RESULTS ON QUASI-UNIFORM STRUCTURES 
Whether or not the fine quasi-uniform structure is 
transitive remains an open question. Apparently it would 
be useful to have either a general method of constructing 
the fine structure or a general method for constructing any 
quasi-uniform structure. In this chapter we propose one 
general method for constructing compatible quasi-uniform 
structures. We also look at the problem of generating the 
fine quasi-uniform structure. Since the conjugate of a 
transitive quasi-uniform structure is also transitive, we 
also give some consideration to conjugate quasi-uniform 
structures. 
A. CONJUGATE QUASI-UNIFORM STRUCTURES. 
DEFINITION 19. Let (X,U) be a quasi-uniform space. 
-1 -1 Then U = {U U s U} is a quasi-uniform structure on X 
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and we say that U and U-l are conjugate quasi-uniform struc-
tures. 
DEFINITION 20. Let t 1 and t 2 be topologies on a set X. 
If there is a quasi-uniform structure U such that t 1 = tu 
and t 2 = t _1 , then we say that t 1 and t 2 are conjugate u 
topologies. 
It is easily shown that if (X,U) is a quasi-uniform 
space with transitive base B, then B-l is a transitive base 
for u-1 . 
DEFINITION 21. If tU = t -l we say that tU is self-
U 
conjugate. 
THEOREH 7. Suppose that (X,U) is transitive. Then, 
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there is a base B for u such that: 
(i) B is transitive; 
( ii) if B E B, then B[x] E tu for each x E X; 
(iii) if B E B, then B-1 [x] E t 
-1 for each X E X; and 
B-l[x]c 
u 
(iv) if B e: B, then E tu for each X E x. 
PROOF. It is a well known fact that any transitive 
base will suffice for (i), (ii), or (iii). Since U is tran-
sitive, it is a covering quasi-uniformity [15]. Therefore, 
there is a collection of Q-covers A such that {De : e e: A} 
e is a subbase, S, for ·. U; where De= U {{x} x Ax : x e: X} and 
A~ = n { c E e : X E c} e: tu. Let y e: X. \'Ve claim that 
-1 c -1 c -1 
De [y] e: tu· Let z e: De [y] . Then z 1 De [y] implies that 
-1 (y,z) I De which in turn implies that (z,y) i De. Hence 
e -1 c We wish to show z e: A
2 
e: De [y] . Suppose that y 1 Ae. 
z 
e t E A • 
z 
h e e . 1' h ,/ e ) T en At c A
2 
1mp 1es t at y ,.. At. Therefore (y. ,t· 
-1 1 De • Thus, t I D~1 [y]c which implies that t e: D~ 1 [y]. It 
follows that A~C D~ 1 [y]c or D~ 1 [y]c e: tU. Now, let B be 
the base generated by S. Then B is transitive and B e: B 
implies that B = n {De. : 1 < i < n}. If X E X, then B-l[x]c = 
{(r\{De.: 1 < 
l 
= U {D~~[x]c 
l 
l c 1 i < n})-l[x]} ={(\({De. 1 < i < n}- [x])}c 
l 
1 < i ,: n} e: tu· 
COROLLARY. Let (X,U) be a transitive quasi-uniform 
structure. Suppose that T _ 1 is the discrete topology. Then u 
if Ac is finite, A e: tu· 
PROOF. Let B be as in the theorem. Let x e: X. Since 
t _
1 
is discrete, there is a B e: B such that B- 1 [x] = {x}. 
u 
By the theorem X - {x} = B-1 [x]c E tu· The conclusion now 
follows easily. 
Fletcher and Lindgren (15) give an example of a quasi-
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uniform space which has neither a symmetric nor a transitive 
base. As we show below, theorem 7 gives another proof of 
the fact that this space does not have a transitive base. 
EXAMPLE 5. Let X be the reals. Define U = 
n 
{ (x,y) : y - x < n~l} = { (x,y) : y < n~l + x} where 1 < n 
2 2 
< oo. {U : 1 < n < oo} is a base for a quasi-uniform struc-
n 
ture, U, on x. tu consists of all sets of the form (-oo,a) 
where a E X. A base for u-l is {U-l : 1 < n < oo} where 
u- 1= { (y,x) y- --1-- < x}. 
n 2n-l 
of the form (b,oo) where b E X. 
n 
Then t _ 1 consists of all sets u 
This means [a,oo) = (-oo,a)c 
i t _1 . Clearly, then U cannot be transitive. u 
Many questions concerning the relationship of tu and 
t _1 naturally arise. What separation properties are shared? u 
When is tu = t _ 1? When are tu and t _1 homeomorphic? The u u 
following theorem is a well known result. 
THEOREM 8. If (X,tU) is T0 (T1 ), then (X,t _1 ) is T0 {T1 ). u 
As the following example shows, the above theorem does 
not extend to the T2 separation property, even if U is tran-
sitive. 
EXAMPLE 6. Let X be the natural numbers. As a transi-
tive base for U, take {U : n EX} where U = {(x,y) : x = y 
n n 
or x ~ n}. Now, tu is the discrete topology and is, therefore, 
T2 . However, if z E X, a base for the neighborhood system of 
z in the topology t _1 is given by the collection u 
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{0 : n £ X} \vhere 0 = {z} U [n,oo). It is easily seen that 
n n 
As the following example shows, it is possible to have 
tu = t -l' even though U is transitive, U:j)U-l, and u-l;;t>U. 
u 
EXAMPLE 7. Let N be the natural numbers. As a transi-
tive base for U, take {U : n £ N} where U = 6 V { (x,y) 
n n 
n < x ~ y}. Then u~1= b U { (y,x) : n < x < y}. Clearly tu 
and t -1 are the discrete tOpOlogy 1 bUt U :p u-l and u-l p U • 
u 
B. ON GENERATING THE FINE QUASI-UNIFORM STRUCTURE. 
One of the major questions concerning quasi-uniform 
structures which remains unanswered is whether or not the 
fine structure is the same as the fine transitive structure. 
Fletcher (5) has derived a general method for constructing 
any compatible transitive quasi-uniform structure for a 
topological space. 
There is a well known method for constructing the fine 
transitive quasi-uniform structure. As a subbase we simply 
take the collection {UC X x X : U[x] E N(x) for all x EX, 
and U o U = U}. One might then ask whether the set S(b) = 
{U C X x X : U[x] E N (x) for all x E X} is a subbase for the 
fine quasi-uniform structure. If (X,t) is a topological 
space with X finite, S(b) is easily seen to generate the 
fine quasi-uniform structure. Fletcher (11) has shown that 
such a space has a unique cornpatible quasi-uniform structure 
generated by a single transitive set w. He has also shown 
that W[x] is the smallest open set containing x. From this 
it readily follows that S(b) is a subbase for the fine 
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structure. As the following example shows, S(~) does not, 
in general, f o rm a subbase for the fine quasi-uniform 
structure. 
EXAMPLE 8. Let (X,t) be the real numbers with the co-
finite topo l ogy. Let N be the natural numbers and let U = 
e(x-N) X X] u e{l} X X] v e U {{i + 1} X (X- {1,2, ... ,i}) 
1 ~ i < oo}]. If X E X - N, then uexJ =X E N(x) and if n EN, 
then uenJ =X- {1,2, ... ,n-l} E N(n). Clearly, then U ~ ~ 
and uexJ E N(x) for each x EX. Lindgren (16) has shown 
tha t (X,t) is uniquely quasi-uniformizable. We will show 
that U is not a member of the Pervin structure P, and, there-
fore, n o t a member of the fine structure. Suppose U E P. 
Then there are nonempty open sets o1 , ... ,on such that u? 
n {o. X o. u (X 0. ) X X : 1 < i < n}. From this it follO\'lS 
1. 1. 1. - -
that U ? en { o. 1 < i < n}] X e n { o. : 1 < i < n}]. Now, 
' 1. 
- 1. - -
n {o. : 1 < i < n} is open in X and, therefore, has finite 
1. - -
c omplement. Suppose n E N n e r\ {0. 
1. 
: 1 < i < n}]. If, also, 
n-1 E n {O · 1 < l. -




i < n}, then the point (n,n-1) must be in 
n}] X en { o. : 1 < i < n}] 
l. - -
Therefore, n E N (\ en { 0. 
l. 
and, hence in 
1 < i:: n}] 
U, 
implies that n-1 /. N (\ [ (\ { Oi : 1 2, i < n}]. Since there 
must be infinitely many elements in N n [ () { 0. : 1 < i < n} J I 
l. 
there must also be infinitely many elements in 
N (\[X- (\ {0. : 1:: i:: n}]. But, this is a contradiction. 
1. 
C. A GENERAL METHOD FOR CONSTRUCTING COMPATIBLE QUASI-
UNIFORM STRUCTURES . 
Let (X,t) be a topologi cal space. Suppose there is a 
partially ordered set L such that for each x E X, there is 
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a base {N(x,a) : a £ L} for the neighborhood system at x. 
Suppose further that the following conditions are satisfied: 
(i) If S is not a maximal element of L, there is an 
a> S such that for any given N(x,a) andy£ N(x,a), we have 
N(y,a)C: N(x,S); and 
(ii) If S is a maximal element of L, then N(y,S) C: N(x,S) 
for y £ N(x,S). 
We form a subbase for a compatible quasi-uniform struc-
ture QL as follows: Let U : = U {{x} x N(x,a) : x £ X} where 
a 
a E L. As we show below the collection SL = {U 
a 
: a £ L} is 
the subbase. Clearly ~ C U for each a in L and clearly the 
a 
system will be compatible. Let US £ SL. We wish to find 
Ua £ SL such that ua o uac= us. First suppose that sis not 
a maximal element of L. Choose a as in (i). If (x,y) £ 
U o U , there is a z £ X such that (x,z) £ U and (z,y) £ U . 
a a a a 
Then z £ U [ x] C N ( x, a) and y £ U [ z] C N ( z , a) . By ( i) , 
a a 
N(z,a)C N(x,S) which implies that y £ N(x,S). This in turn 
implies that (x,y) £ US and, hence Ua o Uac US. Next, sup-
pose S is a maximal element. Then, we claim US o USc US. 
If (x,y) £ US o US, then there is a z £ X such that (x,z) £ 
US and ( z, y) £ US. Hence z £ N ( x, S) and y E N ( z, S) . By ( ii) 
N(z,S)C N(x,S). Therefore, y £ N(x,S) = US[x] or (x,y) £US. 
Thus US o usc:. US. 
Next, let A be a collection of Q-covers of a topological 
space (X It) such that if X £ 0 £ t, then there is a c £ A for 
which Ac co X I \vhere A~ = n {Ax X £ A £ X C}. In our general 
method, let L = A and partially order A by inclusion; that 
is, c < v if and only if c c v, but C ~ v. Let N (x, C) = Ac X 
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for each x E X and C E A. Then {N(x,C) : C E A} is an open 
base for the neighborhood system at x. To see that (i ) and 
(ii) are satisfied, suppose that V > C. If y E N (x , V), it 
is easily seen that N(y,V) C N(x, ·D) c N(x,C). We remark 
that the subbase obtained by our general method is the same 
as that of the covering quasi-uniformity. Hence our general 
method can be used to construct any compatible transitive 
quasi-uniformity. 
As we show below the general method applies to quasi-
uniform structures which are not transitive also. Cons i de r, 
again, example 5. Following the general method given at the 
beginning of this section, let L be the positive integers. 
1 For each n E Land x E X, let N(x,n) = {y : y- x < ----1 1. 2n-
It is easily seen that {N(x,n) : n E L} is a base for the 
neighborhood system of x and that (i) and (ii) are satis-
fied. It is also easily seen that QL is the same as the 
quasi-uniform structure of example 5, which was a non-
transitive structure. 
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VI. SU~~ffiRY N~D TOPICS FOR FURTHER INVESTIGATION 
We have given an example of a quasi-uniform space which 
is complete, but not strongly complete. vve have also shown 
in theorem 6 that under suitable conditions the fine transi-
tive structure for an infinite T1 space is strongly complete. 
The question of whether or not every topological spaces pos-
sesses a compatible strongly complete quasi-uniform structure 
is still unanswered. It is al s o not known whether or not 
every topological space possesses a compatible complete quasi-
uniform structure. 
We have given an example of a T1 space which does not 
have a T1 completion. We have also discussed the definition 
of Cauchy filter. We have shown that the definitions for 
C-filter and C-complete possess some desirable characteris-
tics which the definitions for Cauchy filter and complete do 
not have. It is still not known whether every T1 quasi-
uniform space has a T1 C-completion. We have shown that if 
6 (X,p) is a complete quasi-pseudometric space over R , then 
the quasi-uniform space (X,U) generated by p is C-complete. 
tle have discussed conjugate quasi-uniform structures 
and shown that the T2 separation property does not necessarily 
carry over to the conjugate structure. We have given an ex-
though u is transitive, u -A u- 1 , ample where tu = t _1 , even ~
-1 u 
and U -:;t> U. The question of when tu is homeomorphic to t _1 u 
seems to be one of some interest. 
We have noted that S(6) generates the fine structure 
for finite topological spaces and we have given an example 
31 
to show that it does not necessarily generate the fine struc-
ture for an arbitrary topological space. We have examined a 
general method for constructing compatible quasi-uniform 
structures for a given topological space. We would like to 
have a general method for constructing the fine quasi-
uniform structure. No necessary conditions for S(~} to 
generate the fine structure are known. Whether or not the 
fine structure is transitive also remains an open question. 
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